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This code uses a freeform surface with a parametrical representation as an input and returns a point cloud that can be used in CAD software with local and mean errors. Those errors are the differences between the theorical surface and the surface that would be 3D-print.

Freeform geometrical optics II: From parametric representation to CAD/CAM 
Thibault Grillon, Camilo Valencia-Estrada , Jorge García-Márquez, Alejandro Espinoza-García, and Bastien Béchadergue

Clear ["Global`*"]

<<ComputationalGeometry`

<<Calculus`VectorAnalysis`

<<Geometry`Polytopes`; 

d= 30.358;                                                                                               
(* d is the diameter of the aperture stop *)
R = d/2; 

surface = {X[x, y], Y[x, y], Z[x, y]};      
(* surface is the parametrical Surface we want to mesh and 3D-print *)
refpoint = surface/. {x ( 0 ,  y ( 0}; 

o[1] = {0, 0, 0}; 

(* *We choose here the number of points (or rays) to mesh the surface Number of rays <10000 *)

rays = 500; 

 “REPARTITION OF THE RAYS IN THE PUPIL”

(* We use a database to homogeneously spread the points of rays’ impact on the aperture stop plane *)

file = "C:\Users\Documents\stop_coords\ "<>ToString [rays]<>".txt"; str = OpenRead [file]; 

Do [{Read [str, Number], X[1, j] = Read [str, Number], Y[1, j] = Read [str, Number]}, {j, 1, rays}]; Close [str]; 

table=Table [{X[1, j]d/2 + o[1][[1]], Y[1, j]d/2 + o[1][[2]]}, {j, 1, rays}]; 

length = Length [table]; 

“CREATION OF THE CLOUD OF POINTS WITH THEIR COORDINATES ON THE SURFACE. THERE ARE N=rays POINTS”

cloud = {}; 

Do[cloud = Append [cloud, N[surface/.{x(table[[j, 1]], y(table[[j, 2]]}]], {j, 1, length}]; 

“CREATION OF THE ORIGINAL CLOUD IN THE STOP PLANE”

(* cloudstop1 is the list of the fibers of the points of the 3D surface contained in cloud *)

cloudstop1 = {}; 

Do [solcloudstop = Quiet [N [FindRoot [{surface[[1]] == cloud[[j, 1]], surface[[2]] == cloud[[j, 2]]}, {{x, 0}, {y, 0}}]]]; 

{xtemp, ytemp} = {x, y}/.solcloudstop; 

cloudstop1 = Append [cloudstop1, {xtemp, ytemp, 0}], {j, 1, length}]; 

“CREATION OF THE LIST OF TRIANGLES”

Lc = Length [cloud]; 

trianglelist = {}; 

tri = TriangularSurfacePlot [cloud]; 

Ltri = Length [tri[[1]]]; 

Do [trianglelist = Append [trianglelist, tri[[1, j, 1]]], {j, 1, Ltri}]; 

Lt = Length [trianglelist];               

(* Lt is the number of triangles in the Delaunay triangulation of the cloud *)
“FINDING THE NORMAL VECTORS OF EACH TRIANGLES”

normallist = {};                               
(* normallist is the list of the normal vectors of the triangles in trianglelist *)
For [j=1, j<Lt + 1, j++, 


t0 = trianglelist[[j]]; 


p0 = t0[[1]]; 


p1 = t0[[2]]; 


p2 = t0[[3]]; 

vector1 = {p1[[1]] - p0[[1]], p1[[2]] - p0[[2]], p1[[3]] - p0[[3]]}; 

vector2 = {p2[[1]] - p0[[1]], p2[[2]] - p0[[2]], p2[[3]] - p0[[3]]}; 

tempvect = CrossProduct [vector1, vector2];

normal = {j, N [tempvect/Norm [tempvect]]}; 

normallist = Append [normallist, normal]; ]

“FITTING OF THE CLOUD”

degree = 10; 

Monome = MonomialList
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 [x - refpoint[[1]])^i (y - refpoint[[2]])^j )]; 

Approximation = Fit [cloud,  Monome,  {x, y}]; 
(* Least-square fitting *)
function = Approximation/.{x(Xx,  y(Yy}; 

“FINDING THE MAXIMAL ERROR FOR EACH TRIANGLES”

errormaxcoord = {}; 
(* List of the 3D coordinates of the points of maximal error for each triangle of the Delaunay triangulation *)

distancelist = {}; 
(* List of the distance between each triangle and its corresponding error point *)
gradvect = Grad[function -Zz];  

centersofgstop = {};  
(* List of the gravity centers of the triangles in the aperture stop plane *)

errormaxcoordstop = {};  
(* List of the coordinates in the aperture stop plane of the fibers of the maximal error points of the triangles *)
pointstoaddstop = {};  
(* List of the points to add to errormaxcoord if errormaxcoordstop[[j]] is not inside the projection of its associated triangle in the aperture stop plane *)
cloudoferrorfixedstop = {};  
(* List of the coordinates of the fibers of the maximal error points where each point is inside its associated triangle in the aperture stop plane *)
For[k=1, k<Lt+1, k++,                                                                                       
(* Lt is the number of triangles *)
pointtriangle1=trianglelist[[k, 1]]; 

pointtriangle2=trianglelist[[k, 2]]; 

pointtriangle3=trianglelist[[k, 3]]; 

x1 = Pointtriangle1[[1]]; 

y1 = Pointtriangle1[[2]]; 

z1 = Pointtriangle1[[3]]; 

x2 = Pointtriangle2[[1]]; 

y2 = Pointtriangle2[[2]]; 

z2 = Pointtriangle2[[3]]; 

x3 = Pointtriangle3[[1]]; 

y3 = Pointtriangle3[[2]]; 

z3 = Pointtriangle3[[3]]; 

pointtriangleg = {(x1 + pointtriangle2[[1]] + pointtriangle3[[1]]) / 3, (y1 + pointtriangle2[[2]] + pointtriangle3[[2]]) / 3, (z1 + pointtriangle2[[3]] + pointtriangle3[[3]]) / 3}; 

xg = Pointtriangleg[[1]]; 

yg = Pointtriangleg[[2]]; 

zg = Pointtriangleg[[3]];  
(* [[xg,yg,zg]] are the coordinates of the center of gravity of the triangle in the 3D space *)

(* FINDING THE FIBERS OF THE POINTS IN THE APERTURE STOP PLANE *)

Solg = Quiet [N [FindRoot [{surface[[1]] == xg, surface[[2]] == yg}, {{x, 0}, {y, 0}}]]]; 

{xgs, ygs} = {x, y}/.solg; 

centersofgstop = Append[centersofgstop, {xgs, ygs, 0}]; 

soltri1stop = Quiet [N [FindRoot [{surface[[1]] == x1, surface[[2]] == y1}, {{x, 0}, {y, 0}}]]]; 

{x1s, y1s} = {x, y}/.soltri1stop; 

tri1stop = {x1s, y1s, 0}; 

soltri2stop = Quiet [N [FindRoot [{surface[[1]] == x2, surface[[2]] == y2}, {{x, 0}, {y, 0}}]]]; 

{x2s, y2s} = {x, y}/.soltri2stop; 

tri2stop = {x2s, y2s, 0}; 

soltri3stop = Quiet [N [FindRoot [{surface[[1]] == x3, surface[[2]] == y3}, {{x, 0}, {y, 0}}]]]; 

{x3s, y3s} = {x, y}/.soltri3stop; 

tri3stop = {x3s, y3s, 0}; 

maxx12s = Max [x1s, x2s]; 

maxx13s = Max [x1s, x3s]; 

maxx23s = Max [x3s, x2s]; 

maxy12s = Max [y1s, y2s]; 

maxy13s = Max [y1s, y3s]; 

maxy23s = Max [y3s, y2s]; 

minx12s = Min [x1s, x2s]; 

minx23s = Min [x3s, x2s]; 

minx13s = Min [x3s, x1s]; 

miny12s = Min [y1s, y2s]; 

miny23s = Min [y3s, y2s]; 

miny13s = Min [y3s, y1s]; 

“IN THE 3DSPACE”

(* We find the point of the surface above of below the triangle where the error is maximum *)

sol1 = Quiet [N [FindRoot [{normallist[[k, 2, 1]] Sqrt[normallist[[k, 2]] ( normallist[[k, 2]]] == gradvect[[1]], normallist[[k, 2, 2]] Sqrt [normallist[[k, 2]] ( normallist[[k, 2]]] == gradvect[[2]]}, {{Xx, xg}, {Yy, yg}}]]];  
sol2 = Quiet [N [FindRoot [{-normallist[[k, 2, 1]] Sqrt [normallist[[k, 2]] ( normallist[[k, 2]]] == gradvect[[1]], -normallist[[k, 2, 2]] Sqrt [normallist[[k, 2]] ( normallist[[k, 2]]] == gradvect[[2]]}, {{Xx, xg}, {Yy, yg}}]]]; 

perror1 = Append [({X1, Y1} = {Xx, Yy}/.sol1), Z1 = N[function/.{Xx(X1, Yy(Y1}]]; 

perror2 = Append [({X1, Y1} = {Xx, Yy}/.sol2), Z1 = N[function/.{Xx(X1, Yy(Y1}]]; 

distance1 = Abs [(normallist[[k, 2]] ( perror1)-normallist[[k, 2]] ( pointtriangle2]; 

distance2 = Abs [(normallist[[k, 2]] ( perror2)-normallist[[k, 2]] ( pointtriangle2]; 

If [distance1 < distance2, perror = perror1; distancetemp=distance1, perror = perror2; distancetemp=distance2]; 

errormaxcoord = Append [errormaxcoord, perror]; 

distancelist = Append [distancelist, distancetemp];

“BRING THE ERROR IN THE STOP”

solg2 = Quiet [N [FindRoot [{surface[[1]] == perror[[1]], surface[[2]] == perror[[2]]}, {{x, 0}, {y, 0}}]]]; 

{xes, yes} = {x, y}/.solg2;  
(* This point [[xes,yes]] might be not in the projection of its associated triangle in the aperture stop plane, in which case it needs to be corrected *)
(* We calculate the distance between those points and triangles *)

errormaxcoordstop = Append [errormaxcoordstop, {xes, yes, 0}]; 

distanceegs=EuclideanDistance [{xes, yes, 0}, {xgs, ygs, 0}]; 

ve1 = {x1s - xes, y1s - yes, 0}; 

ve2 = {x2s - xes, y2s - yes, 0}; 

ve3 = {x3s - xes, y3s - yes, 0}; 

angle = Abs[Min[VectorAngle[ve2, ve1], VectorAngle [ve1, ve2]]] + Abs [Min [VectorAngle [ve2, ve3], VectorAngle [ve3, ve2]]] + Abs [Min [VectorAngle [ve1, ve3], VectorAngle [ve3, ve1]]]; 
(* This angle is the sum of the three angles that appears when [[xes,yes]] is connected to the three vertices of its associated triangle in the aperture stop plane *)
(* We bring the projection of the error point on the stop inside the projection of the triangle *)

If [angle < 2 Pi, 
(* The point of error is outside the triangle. We connect [[xes,yes]] to the gravity center [[xgs,ygs]] of the triangle. We have to select which side of the triangle cuts the line segment ([[xes,yes]] , [[xgs,ygs]]) *)
a12 = (y1s - y2s) / (x1s - x2s); 

b12 = y1s-a12 x1s; 

aeg = (yes - ygs) / (xes - xgs); 

beg = yes - aeg xes; 

xc12 = (beg - b12) / (a12 - aeg); 

yc12 = a12 xc12 + b12;  

l12ce=EuclideanDistance [{xc12, yc12, 0}, {xes, yes, 0}]; 

If [(minx12s < xc12 < maxx12s) && (miny12s < yc12 < maxy12s), 

test12 = 1, 

test12 = 0]; 

If [l12ce < distanceegs, testproximite12 = 1, testproximite12 = 0]; 

a13 = (y1s - y3s) / (x1s - x3s); 

b13 = y1s - a13 x1s; 

aeg = (yes - ygs) / (xes - xgs); 

beg = yes - aeg xes; 

xc13 = (beg - b13) / (a13 - aeg); 

yc13 = A13 xc13 + b13; 

l13ce = EuclideanDistance [{xc13, yc13, 0}, {xes, yes, 0}]; 

If [(minx13s < xc13<maxx13s) && (miny13s < yc13 < maxy13s), 

test13 = 1, 

test13 = 0]; 

If [l13ce < distanceegs, testproximite13 = 1, testproximite13 = 0]; 

a23 = (y2s - y3s) / (x2s - x3s); 

b23 = y2s - a23 x2s; 

aeg = (yes - ygs) / (xes - xgs); 

beg = yes - aeg xes; 

xc23 = (beg - b23) / (a23 - aeg); 

yc23 = A23 xc23 + b23; 

l23ce = EuclideanDistance [{xc23, yc23, 0}, {xes, yes, 0}]; 

If [(minx23s < xc23 < maxx23s) && (miny23s < yc23 < maxy23s), 

test23 = 1, 

test23 = 0]; 

If [l23ce < distanceegs, testproximite23 = 1, testproximite23 = 0]; 

If [test12 == 1&& testproximite12 == 1, pointstoaddstop = Append [pointstoaddstop, {xc12, yc12, 0}]; cloudoferrorfixedstop = Append [cloudoferrorfixedstop, {xc12, yc12, 0}]]; 

If [test13 == 1&& testproximite13 == 1, pointstoaddstop = Append [pointstoaddstop, {xc13, yc13, 0}]; cloudoferrorfixedstop = Append [cloudoferrorfixedstop, {xc13, yc13, 0}]]; 

If [test23 == 1&& testproximite23 == 1, pointstoaddstop = Append [pointstoaddstop, {xc23, yc23, 0}]; cloudoferrorfixedstop = Append [cloudoferrorfixedstop, {xc23, yc23, 0}]]; 

, 

cloudoferrorfixedstop = Append [cloudoferrorfixedstop, {xes, yes, 0}] 
(* If the point [[xes,yes]] is inside its associated triangle, it does not need to be corrected *)

]]

(* Placing the corrected stop cloud in the 3D space *)

distancelistcorrected = {}; 

cloudoferrorcorrected3D = {}; 

Do [cloudoferrorcorrected3D = Append [cloudoferrorcorrected3D, surface/.{x(cloudoferrorfixedstop[[j, 1]], y(cloudoferrorfixedstop[[j, 2]]}], {j, 1, Lt}]; 

Do [distancelistcorrected = Append [distancelistcorrected, Abs [(normallist[[j, 2]].cloudoferrorcorrected3D[[j]])-normallist[[j, 2]].trianglelist[[j, 2]]]], {j, 1, Lt}]; 

"MEAN ERROR BETEWEEN FIITING FUNCTION AND TRIANGLE MESH"

Mean [distancelistcorrected]

"VARIANCE OF THE ERROR"

Variance [distancelistcorrected]

"MAX ERROR FOUND ON THE SURFACE"

Max [distancelistcorrected] 

Export [“cloud.stl”, cloud]; 
(* If the previous errors are accepted for the current application, then the cloud is exported to a CAD software *)
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