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1. QUANTUM JUMP AND CONDITIONAL HAMILTONIAN

The non-Hermitian Hamiltonian of the system is

Ĥc = −
n

∑
j=0

iκj

2
â†

j âj −
iγm

2
b̂†

m b̂m + H.c. (1)

where j = 0, 1, 2, ..., n, and we assume that h̄ = 1, H is the Hamiltonian for the closed system.

The probabilities of an emission from the system at time t and during the time duration ∆t are

∆Pj = κj∆t⟨ψ(t)|â†
j âj|ψ(t)⟩, (2)

∆Pm = γm∆t⟨ψ(t)|b̂†
m b̂m|ψ(t)⟩, (3)

where j = 0, 1, 2, ..., n. So, the total probability for the quantum jump happening is ∆Ps = ∑n
j=0 ∆Pj + ∆Pm.

And in fact, in the adiabatic process, the mechanical mode is in dark state, the probability of quantum happens for the mechanical
mode will be far less than 1, which can be ignored in the experiment.

If there is an emission from the cavity ai, the system jumps to the renormalized state

âi|ψ(t)⟩√
⟨ψ(t)|â†

i âi|ψ(t)⟩
(4)

If there is an emission from the mechanical mode bm, the system jumps to the renormalized state

b̂m|ψ(t)⟩√
⟨ψ(t)|b̂†

m b̂m|ψ(t)⟩
(5)
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If there is no emission, the system will evolve depending on the non-Hermitian Hamiltonian as

exp (−iHc∆t)|ψ(t)⟩√
⟨ψ(t)| exp (−iHc∆t)† exp (−iHc∆t)|ψ(t)⟩

≈ (1 − iHc∆t)|ψ(t)⟩√
⟨ψ(t)|(1 − iHc∆t)†(1 − iHc∆t)|ψ(t)⟩

≈
(1 − ∆t ∑n

j=0
κj
2 â†

j âj − ∆t γm
2 b̂†

m b̂m − i∆tH)|ψ(t)⟩√
⟨ψ(t)|(1 − iHc∆t)†(1 − iHc∆t)|ψ(t)⟩

≈
(1 − ∆t ∑n

j=0
κj
2 â†

j âj − ∆t γm
2 b̂†

m b̂m − i∆tH)|ψ(t)⟩√
1 − ∆t ∑n

j=0⟨ψ(t)|κj â†
j âj|ψ(t)⟩ − ∆tγm⟨ψ(t)|b̂†

m b̂m|ψ(t)⟩

=
(1 − ∆t ∑n

j=0
κj
2 â†

j âj − ∆t γm
2 b̂†

m b̂m − i∆tH)|ψ(t)⟩
√

1 − ∆Ps
(6)

where we have got rid of the high-order terms of ∆t.
Then, after the time duration ∆t, the density matrix will become

|ψ(t + ∆t)⟩⟨ψ(t + ∆t)|

=
n

∑
j=0

∆Pj
âj|ψ(t)⟩⟨ψ(t)|â†

j

⟨ψ(t)|â†
j âj|ψ(t)⟩

+ ∆Pm
b̂m|ψ(t)⟩⟨ψ(t)|b̂†

m

⟨ψ(t)|b̂†
m b̂m|ψ(t)⟩

(7)

+ (1 − ∆Ps)
(1 − ∆t ∑n

j=0
κj
2 â†

j âj − ∆t γm
2 b̂†

m b̂m − i∆tH)|ψ(t)⟩⟨ψ(t)|(1 − ∆t ∑n
j=0

κj
2 â†

j âj − ∆t γm
2 b̂†

m b̂m + i∆tH)

1 − ∆Ps

≈ ∆t
n

∑
j=0

κj âj|ψ(t)⟩⟨ψ(t)|â†
j + ∆tγm b̂m|ψ(t)⟩⟨ψ(t)|b̂†

m (8)

+ |ψ(t)⟩⟨ψ(t)| − i∆tH|ψ(t)⟩⟨ψ(t)|+ i∆t|ψ(t)⟩⟨ψ(t)|H − ∆t
n

∑
j=0

κj

2
â†

j âj|ψ(t)⟩⟨ψ(t)| − ∆t|ψ(t)⟩⟨ψ(t)|
n

∑
j=0

κj

2
â†

j âj

− ∆t
γm

2
b̂†

m b̂m|ψ(t)⟩⟨ψ(t)| − ∆t
γm

2
|ψ(t)⟩⟨ψ(t)|b̂†

m b̂m

The (7) and (8) come from the quantum jump, and the master equation can be written as

∆ρ

∆t
=

n

∑
j=0

κj âjρâ†
j + γm b̂mρb̂†

m (9)

+ −iHρ + iρH −
n

∑
j=0

κj

2
â†

j âjρ −
n

∑
j=0

κj

2
ρâ†

j âj

− γm

2
b̂†

m b̂mρ − γm

2
ρb̂†

m b̂m

= −i[H, ρ] +
n

∑
j=0

κj

2
(2âjρâ†

j − â†
j âjρ − ρâ†

j âj) +
γm

2
(2b̂mρb̂†

m − b̂†
m b̂mρ − ρb̂†

m b̂m) (10)

In the basis of the bare state, we can calculate the master equation with the rotating wave approximation, then we can replace H
with the linearized interaction Hamiltonian ĤI , where ĤI = ∑n

j=0 gj

(
â†

j b̂m + b̂†
m âj

)
. So that, if we eliminate the processes in which the

quantum jump happened by applying the post selection, the non-Hermitian conditional Hamiltonian can be used to describe the
evolution of the system as:

∆ρ̃

∆t
= −i[Ĥc, ρ̃] (11)

Where Ĥc = −∑n
j=0

iκj
2 â†

j âj − iγm
2 b̂†

m b̂m + ĤI . In fact, if only considering the coherent decay, the process is a coherent nonunitary
evolution, it can also be described by the Schrödinger equation with the conditional Hamiltonian.
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2. THE CONDITIONAL HAMILTONIAN IN THE ADIABATIC EVOLUTION

Under the condition of gi ≫ κi (i = 1, 2, ..., n), for simplicity, we first neglect κi and only consider the damping of κ0 and γm. In the
basis of |100...0⟩a0a1...anbm , |010...0⟩a0a1...anbm ,..., |000...1⟩a0a1...anbm , the conditional Hamiltonian is

Ĥc =



− iκ0
2 0 · · · 0 g0

0 0 · · · 0 g1
...

...
...

...
...

0 0 · · · 0 gn

g0 g1 · · · gn − iγm
2


(12)

If we transform the basis to |ϕ1(t)⟩, |ϕ2(t)⟩,...,|ϕn+2(t)⟩, where |ϕ1(t)⟩ to |ϕn(t)⟩ are n dark states and |ϕn+1(t)⟩ and |ϕn+2(t)⟩ are
two bright states, the conditional Hamiltonian can be transformed as

ˆ̃H[(n+2)×(n+2)]
c =



− iκ0g2
1

2s2
1

− iκ0g0g1g2

2s2
1s2

− iκ0g0g1g3
2s1s2s3

· · · − iκ0g0g1gn
2s1sn−1sn

H̃(1,n+1)
c H̃(1,n+2)

c

− iκ0g0g1g2

2s2
1s2

− iκ0g2
0 g2

2
2s2

1s2
2

− iκ0g2
0 g2g3

2s1s2
2s3

· · · − iκ0g2
0 g2gn

2s1s2sn−1sn
H̃(2,n+1)

c H̃(2,n+2)
c

− iκ0g0g1g3
2s1s2s3

− iκ0g2
0 g2g3

2s1s2
2s3

− iκ0g2
0 g2

3
2s2

2s2
3

· · · − iκ0g2
0 g3gn

2s2s3sn−1sn
H̃(3,n+1)

c H̃(3,n+2)
c

...
...

...
...

...
...

...

− iκ0g0g1gn−1
2s1sn−2sn−1

− iκ0g2
0 g2gn−1

2s1s2sn−2sn−1
− iκ0g2

0 g3gn−1
2s2s3sn−2sn−1

· · · − iκ0g2
0 gn−1gn

2sn−2s2
n−1sn

H̃(n−1,n+1)
c H̃(n−1,n+2)

c

− iκ0g0g1gn
2s1sn−1sn

− iκ0g2
0 g2gn

2s1s2sn−1sn
− iκ0g2

0 g3gn
2s2s3sn−1sn

· · · − iκ0g2
0 g2

n
2s2

n−1s2
n

H̃(n,n+1)
c H̃(n,n+2)

c

H̃(n+1,1)
c H̃(n+1,2)

c H̃(n+1,3)
c · · · H̃(n+1,n)

c H̃(n+1,n+1)
c H̃(n+1,n+2)

c

H̃(n+2,1)
c H̃(n+2,2)

c H̃(n+2,3)
c · · · H̃(n+2,n)

c H̃(n+2,n+1)
c H̃(n+2,n+2)

c



(13)

where ( ˆ̃H[(n+2)×(n+2)]
c )ij = ⟨ϕi|Ĥc|ϕj⟩.

In the adiabatic process, initially, if the system is in dark state, there will not be excitations with the bright states, so that, the
coherent decay evolution of the system will only depend on the first n rows and n columns of the conditional Hamiltonian. We extract
the first n rows and n columns of the matrix of ˆ̃Hc as

ˆ̃H(n×n)
c =



− iκ0g2
1

2s2
1

− iκ0g0g1g2

2s2
1s2

− iκ0g0g1g3
2s1s2s3

· · · − iκ0g0g1gn
2s1sn−1sn

− iκ0g0g1g2

2s2
1s2

− iκ0g2
0 g2

2
2s2

1s2
2

− iκ0g2
0 g2g3

2s1s2
2s3

· · · − iκ0g2
0 g2gn

2s1s2sn−1sn

− iκ0g0g1g3
2s1s2s3

− iκ0g2
0 g2g3

2s1s2
2s3

− iκ0g2
0 g2

3
2s2

2s2
3

· · · − iκ0g2
0 g3gn

2s2s3sn−1sn

...
...

...
...

...

− iκ0g0g1gn−1
2s1sn−2sn−1

− iκ0g2
0 g2gn−1

2s1s2sn−2sn−1
− iκ0g2

0 g3gn−1
2s2s3sn−2sn−1

· · · − iκ0g2
0 gn−1gn

2sn−2s2
n−1sn

− iκ0g0g1gn
2s1sn−1sn

− iκ0g2
0 g2gn

2s1s2sn−1sn
− iκ0g2

0 g3gn
2s2s3sn−1sn

· · · − iκ0g2
0 g2

n
2s2

n−1s2
n


= − iκ0

2
M (14)

where M = (1 − g2
0

s2
n
)|ϕ0⟩⟨ϕ0| and |ϕ0⟩ = 1√

1− g2
0

s2
n

[ϕ
(1)
1 , ϕ

(1)
2 , ϕ

(1)
3 , ..., ϕ

(1)
n ]T , where ϕ

(1)
i (i = 1, 2, ..., n) is the first value of |ϕi⟩.

3. THE CHARACTERISTICS OF V MATRIX

V(t) matrix is defined as V(t) = dU†(t)
dt U(t) and α(t) = U†(t)C(t), and there is

dα(t)
dt

= −[
κ0
2

Λ(t)− V(t)]α(t) (15)

Because d
dt [U

†(t)U(t)] = 0, so we can get dU†(t)
dt U(t) + U†(t) dU†(t)

dt = 0, then there is V(t) + V†(t) = 0. Since that, the matrix V(t)
is real, we have V†(t) = VT(t), so we can get Vij(t) + Vji(t) = 0. If κ0 = 0, there is
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d
dt

n

∑
i=1

α2
i (t) = 2

n

∑
i=1

αi(t)
dαi (t)

dt

= 2
n

∑
i=1

αi(t)[
n

∑
j=1

Vij(t)αj(t)]

= 2
n

∑
i,j=1

Vij(t)αi(t)αj(t)

= 0 (16)

So that, the function of V(t) is only to redistribute of the populations in every φi(t).


